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Abstract. The mathematical equations that underlie molecular biology experiments
are frequently too complicated for efficient K-12 education. By offering a straight-
forward, yet precise mathematical method for determining important geometrical
features of DNA, this work seeks to close this gap. Our approach, which was consid-
ered with the teaching methodology in mind, makes it easier for K-12 students and
early-stage learners to understand without sacrificing scientific accuracy. In accor-
dance with experimental data, we computed the hydrogen bond length (0.23 nm),
the diameter of the DNA double helix (2 nm), and the distance between nitrogenous
bases (0.32 nm) using basic geometry. Additionally, we demonstrated that the
compact structure of the DNA helix associated practically zero spatial separation
between hydrogen bonds in sequential base pairs. In conclusion, our approach facil-
itates DNA-based education by applying simple mathematical equations for simple
presentation of molecular measurement. We also provide a classroom-ready 45-60
minute lesson plan with worked examples and practice items, plus differentiation
options for mixed-ability classes (scaffolds for weaker trigonometry backgrounds
and extension tasks for advanced students). In addition, we point to free digital
tools (e.g., GeoGebra and molecule viewers) that teachers can use to help students
visualize the geometry interactively.

Keywords: DNA structure, molecular geometry, K-12 science education, hydrogen
bonding

1. Introduction

Over the past several years, there have been multiple interdisciplinary initiatives
to incorporate mathematics into biology education, aiming to simplify complex prin-
ciples and enhance student comprehension [12, 16]. This mathematical-biological
integration has proven effective in helping students at various levels better grasp
abstract molecular structures such as DNA [4, 7]. In light of recent international calls
to strengthen the U.S. scientific enterprise amid global competition and teaching chal-
lenges [9], improving foundational STEM education through integrative approaches
is more crucial. A number of scientific and medical fields — including genetic testing,
drug development, disease research, and forensic science — are fundamentally based
on understanding the structure of DNA [1, 11, 22]. Key characteristics of the DNA
double helix have been accurately determined over the years: its total length in a
single human cell is roughly two meters [21], the vertical separation between two base
pairs is approximately 0.34 nm [3], and the diameter of the helix is about 2 nm [22].
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Although these values are well established, explaining how they are measured
mathematically remains a challenge in educational contexts, particularly for K-12
and early undergraduate students. This work presents a simplified yet accurate
mathematical method to compute key DNA dimensions. Specifically, it demonstrates
that the length of a hydrogen bond between nitrogenous bases is approximately
0.23 nm, aligning with experimental data [10]; the spacing between adjacent bases
is about 0.32 nm; and the overall diameter of the double helix can be derived as
2 nm, consistent with known structural measurements. Furthermore, we examine
the length of a full helical turn, given as 3.4 nm [15], and show that the direct linear
distance between hydrogen bonds in consecutive base pairs is effectively zero [8, 18],
underscoring the dense packing of the DNA molecule.

By linking mathematics with molecular biology in an accessible way, this study
provides both educators and students with a clearer understanding of DNA geometry
and demonstrates how theoretical calculations can successfully reflect experimentally
validated structures. This work complements prior applications of mathematics to
nucleic-acid geometry and energetics (e.g., [5, 19]) by focusing on a minimal, classroom-
adaptable pathway that uses only triangle geometry and right-triangle trigonometry
while still recovering canonical DNA dimensions. These insights support broader
applications in biology, nanotechnology, and science education.

2. Results

2.1. Mathematical measurement of the distance between hydrogen bonds in the
adenine-thymine pair

Accurately measuring the distance between hydrogen bonds in the adenine-thymine
(A-T) nucleotide pair requires consideration of several key chemical parameters. The
length of the double bond between the carbon and oxygen atoms in the carbonyl
group of thymine is approximately 121 pm [14], while the single bond between the
carbon and nitrogen atoms in thymine measures about 147 pm [17]. The angle formed
between these two bonds is roughly 120°, which aligns with the exterior angle of the
regular hexagonal structure characteristic of thymine [6].

To determine the distance between the two hydrogen bonds, we construct a geometric
model based on the molecular structure of the base pair. Specifically, we form a triangle
by connecting the oxygen and nitrogen atoms, using the carbon atom as the vertex. In
this triangle, side b represents the bond between the oxygen and carbon atoms, side
c represents the bond between the carbon and nitrogen atoms, and side a — the side
opposite the vertex carbon atom — represents the distance between the oxygen and
nitrogen atoms, which is the target value. The angle included between sides b and c is
denoted as «a, as illustrated in figure 1.

This triangular configuration allows us to compute the hydrogen bond distance A
using the law of cosines [2]:

a® = b* + ¢ — 2bccos(a)
Substituting the known values:

* b=121 pm
* ¢c= 147 pm

* a = 120° with cos(120°) = —%

a? =121% + 147 — 2. 121 - 147 - <—;>

a? = 14641 4 21609 + 17743.5 = 53993.5
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Figure 1: OCN triangle used to obtain the O-N separation. Sides: b = OC = 121 pm (length of
C=0 bond), c = CN = 147 pm (length of C-N bond), included angle « = 120°. Target side a = ON
is computed via the law of cosines.

a = v53993.5 =~ 232 pm

This distance is not vertical because the triangle AOCN is not isosceles. The length
of side b is 121 pm, while the length of side c is 147 pm. Subtracting the two gives a
difference of 26 pm, which results in angle ZONC = 26° and ZCON = 34°, since the
interior angles of a triangle sum to 180°, as illustrated in figure 2.

By drawing a straight line from point M to the hydrogen atom H, we bisect the
internal 120° angle of the thymine hexagon into two equal 60° angles. Thus:

ZMNC = 60° 4 26° = 86°

LZHNC = 94°

(since the straight line forms a 180° total with the angles).

Figure 2: Hydrogen-bonding geometry in A-T pair. The 120° hexagon angle at c is bisected
(60° + 60°); due to b # c the triangle is scalene with ZONC' = 26° and ZCON = 34°.

By drawing a vertical line from point O to point U, which lies on line M H, we form a
right-angled triangle. The line OU is the vertical distance between the two hydrogen
bonds (see figure 3).

Using the sine rule:

. length of OU
Sin(£ONU) = length of ON
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ou
sin(86°) = 233 OU = 232 x sin(86°) ~ 231.7 pm ~ 0.23 nm

Figure 3: Right-triangle projection to obtain the vertical H-bond distance. Drop-
ping a perpendicular from O to U along MH forms AONU with ZONU =~ 86°, giving
OU ~ 232 x sin(86°) ~ 0.23 nm.

Therefore, the vertical and accurate distance between the two hydrogen bonds is
approximately 0.23 nm.

2.2. Validation of the mathematical method

To validate the proposed method, it is applied to calculate the DNA molecule’s diam-
eter, a dimension that has been experimentally confirmed to be approximately 2.0 nm
for B-DNA. This serves as a benchmark, allowing comparison between theoretical
predictions and empirical observations. The calculation is based on the additive bond
lengths across complementary nucleotide pairs.

2.3. Mathematical calculation

The following molecular measurements are used in the calculation: the length of
the hydrogen bond connecting adenine and thymine is approximately 232 pm (value
1), the bond length between the hydrogen and nitrogen atoms within the adenine
nucleotide is 101 pm (value 2), and the corresponding bond length within thymine is
also 101 pm (value 3).

To estimate the contribution of the nucleotide ring structures to the overall DNA
diameter, we calculate the diameter of the hexagonal rings present in both adenine
and thymine. Each ring has a side length of 147 pm, and its diameter is approximated
as twice that value:

Diameteragenine = 2 X 147 pm = 294 pm (value 4)

Diameterthymine = 2 x 147 pm = 294 pm (value 5)

These calculated distances, when summed appropriately, correspond closely to the
known DNA diameter, thus supporting the mathematical method introduced in this
study. A visual representation of the hexagonal diameter estimations is provided in
figure 4.
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Figure 4: Calculation of the diameter of the hexagonal ring structures in adenine and thymine.

2.4. Calculation of vertical distance

To determine the vertical distance between the carbon atom of the hexagonal ring
and the nitrogen atom of the pentagonal ring in the adenine molecule, we apply a
geometric approach based on trigonometry.

Consider a right-angled triangle AK, in which the hypotenuse represents the bond
between the carbon atom in the hexagon and the nitrogen atom in the pentagon.
This bond has a length of approximately 147 pm. To resolve this bond vector into its
vertical component, we must first calculate the angle between the two rings.

The internal angle of a regular pentagon is 108°, while the exterior angle of a regular
hexagon is 120°. The difference between these angles gives us the tilt angle between
the atoms involved in bonding:

ZNCD =120° — 108° = 12°

This geometric configuration is illustrated in figure 5.

Figure 5: Diagram illustrating the right-angled triangle used to calculate the vertical distance
between the carbon atom of the hexagon and the nitrogen atom of the pentagon in adenine.

To determine the vertical distance between the carbon atom of the hexagonal ring
and the nitrogen atom of the pentagonal ring in the adenine molecule, we apply the
cosine rule within a right-angled triangle. The cosine rule is defined as:

cos(9) = Adjacent side
"\"J = Hypotenuse
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In this context, the angle # is 12°, the hypotenuse (bond CN) is 147 pm, and the
vertical distance to be calculated is the adjacent side, denoted as CD. Substituting the
known values into the formula:

D
cos(12°) = %7

Solving for CD:
CD = 147 - cos(12°) ~ 147 - 0.978 = 143.7 pm

Thus, the vertical distance CD between the carbon atom of the hexagon and the
nitrogen atom of the pentagon in adenine is approximately 143.7 pm.

In addition to this, relevant bond lengths involved in the hydrogen bonding between
thymine and adenine are as follows:

¢ The bond between the carbon and hydrogen atoms in thymine is 109 pm (value
7).

* The bond between the hydrogen and carbon atoms in adenine is also 109 pm
(value 8).

The hydrogen atom in thymine aligns vertically with the oxygen atom in the sugar
ring structure. Since the oxygen atom in the sugar occupies the midpoint of the
pentagon’s diameter, the radius of the pentagon is taken as 109 pm (value 9). Similarly,
the corresponding radius on the adenine side of the sugar molecule is also 109 pm
(value 10), due to the symmetrical placement of the sugar’s oxygen atom.

These measurements are illustrated in figure 6.

H3C Q- H
OH /
T Vi
O_li)_o H N-H-—m N
23 o M
109 pm m O
OH

Figure 6: Diagram illustrating the vertical distance and bond lengths associated with adenine
and thymine.

2.5. Bond lengths and calculation of DNA diameter
The bond lengths for the DNA molecule are as follows:

* The bond between the carbon atom of the sugar and the oxygen atom of the
phosphate group on the thymine side is 147 pm (value 11). This bond length is
identical on the adenine side (value 12).

To determine the diameter of the DNA molecule, we sum the lengths of all bonds:

Diameter of DNA = 232 + 101 + 101 + 294 + 294 + 143.7 4+ 109 + 109 + 109+
+109 + 147 + 147 = 1895.7 pm
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Performing this calculation:
Diameter of DNA = 1.9 ~ 2 nm

This diameter of 2 nm is consistent with the experimentally measured diameter of
DNA, confirming the accuracy of this mathematical method.

2.6. Calculation of the distance between hydrogen bonds between base pairs

In DNA samples, a full turn consists of varying base sequences, but there is no
measurable distance between consecutive base pairs when the number of hydrogen
bond distances is 15 or more. However, when the number of distances is less than 15,
very small distances of no more than 0.05 nm can be observed between consecutive
base pairs because the number of distances don'’t less than 12 distance in the complete
turn. This suggests that the distances between consecutive base pairs are nearly zero,
indicating the compact and tightly packed nature of DNA.

The distance between hydrogen bonds connecting Adenine to Thymine and Guanine
to Cytosine can be calculated as follows:

Length of the DNA fragment
Number of distances between the hydrogen bonds

Distance =

Given that the length of the DNA fragment is 3.4 nm and the number of distances
between the hydrogen bonds is 15, we have:

3.4 nm

Distance = = 0.226 nm ~ 0.23 nm

This calculated distance of 0.23 nm corresponds to the distance between the two
hydrogen bonds connecting Adenine to Thymine and Guanine to Cytosine. Therefore,
the 15 distances, each equal to 0.23 nm, are present within the DNA fragment, and
no additional distances of length 3.4 nm are found within the fragment.

2.7. Mathematical determination of the length of the hydrogen bond
By drawing a vertical line from the hydrogen atom in adenine to a point S, this line
is opposite and equal to the OU line, with a length of 232 pm.

H———___0O

Figure 7: Instructional hydrogen-bond length. The projected H-bond distance is
OH = OSsin(45) = 0.23 nm in our 2D teaching model.

The angle ZOHS = 90° and ZUSH = 90°. By drawing the line OS, which bisects the
angle ZHSU into two equal parts of 45°, we find that ZOSH = 45° (see figure 7).

We can compute the length of the line OS, which is the hypotenuse of the right
triangle OHS, using the cosine rule:
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232
45°) = —
cos(45°) 09
232
S=——"-=328
cos(45°) prit
Next, we calculate the hydrogen bond length OH using the sine rule:
OH
n(45°) —
sin(45°) 398

OH =sin(45°) x 328 = 232 pm = 0.23 nm

Therefore, the length of the hydrogen bond is equal to the distance between the two
hydrogen bonds.

2.8. Mathematical measurement of the distance between consecutive base pairs
and full helical turn in DNA
The vertical spacing between DNA base pairs stems from the phosphate-oxygen
bonds of the backbone, which, due to the double-stranded structure, contribute twice
per pair.

THYMINE
(l) CHj ADENINE \
0—P=0 O H H
é 7 N7 ? )
| N N O=—P—O
N
HoC O N OHee N~ N\
! > 9
N N
p 0 > 324 pm
o_—1|3:o CYTOSINE | ° cn,
| N GUANINE
(‘) (Y SH 0 Q
______________________ 0—P—O
GHy NTN Ay N |
324 pm < o | \> ? ’
----------------------- H X
\ITI N N
O H
N > gH
O—]lD:O O|
Q (|) o:1|°—o_

Figure 8: Two phosphate-oxygen links of ~ 162 pm each yield a vertical rise ~ 0.324 nm per
base pair.

To determine this spacing, we applied our proposed geometric method using exper-
imentally established bond lengths. The bond between the phosphate and oxygen
atoms in the backbone measures:
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Bond length = 162 pm.

Since this bond occurs on both sides of a base pair, the total vertical distance
between two adjacent base pairs is:

Distance = 162 pm + 162 pm = 324 pm = 0.324 nm

This result (see figure 8) corresponds closely with the well-documented vertical rise
of 0.34 nm per base pair in the DNA helix, reinforcing the validity and precision of our
approach.

Our method, based purely on atomic bond lengths and spatial geometry, not only
matches experimental observations but can also be adapted to model structural varia-
tions in mutated or synthetic DNA, analyze conformational changes under different
biological conditions, and enhance science education by helping students visualize
nucleic acid structure through accessible mathematical reasoning. For teaching, the
constructions above are straightforward to replicate with GeoGebra (dynamic angle
sliders) and entry-level molecular viewers (e.g., JSmol) to map computed segments
onto base-pair schematics. We include teacher notes indicating which measurements
are user-entered versus model-derived [13].

2.9. Classroom implementation and lesson plan
We designed a 45-60 minute lesson aligned to typical Grades 10-12 learning goals
(right-triangle trigonometry; interpreting scientific diagrams).
Materials: teacher slides, a one-page worksheet, and an optional GeoGebra file.
Sequence:

1. Hook (2-3 min): show a DNA double helix and ask students to estimate key
distances.

2. Mini-lesson (10-12 min): review the law of cosines and angle relations used in
the base-pair triangle.

3. Guided example (10-12 min): compute the hydrogen-bond projection (~ 0.23 nm)
step-by-step from given bond lengths.

4. Partner practice (12-15 min): students use the same workflow to derive the
0.32-0.34 nm inter-pair rise.

5. Share/reflect (5 min): compare with accepted values and discuss sources of
error/approximation.

Differentiation: For students with weaker backgrounds, we provide a diagram —
first scaffold with all angles labeled and a calculator-allowed track; for advanced
students, we include an extension that explores how small angle/length perturbations
change the results.

Pilot experience: We piloted the activity with two Grade 11 sections (n = 26).
Informal exit tickets indicated improved comfort with multi-step geometry in a biology
context and correct order-of-magnitude estimates for the three target distances.

3. Discussion and conclusion

This study introduces a simplified mathematical framework designed to quantify key
structural distances within the DNA molecule — specifically, the length of hydrogen
bonds between complementary nucleotide bases and the vertical spacing between
consecutive base pairs. The primary goal is to make these molecular measurements
conceptually accessible to K-12 students by demonstrating how basic geometry and
trigonometry can be used to derive values that typically require experimental tech-
niques. By translating complex molecular dimensions into step-by-step geometric
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models, this approach supports early science education and bridges the gap between
abstract theory and observable biological structure.

On hydrogen-bond length: Many crystallographic and spectroscopic sources report
typical N-H- - - O hydrogen-bond distances for base pairs in the range 0.28-0.30 nm.
Our classroom calculation yields ~ 0.23 nm because it models a 2D geometric pro-
jection built from idealized bond lengths and ring angles, rather than a full 3D
heavy-atom-to-heavy-atom distance with thermal/disorder effects. In practice, adding
a small angular deviation (£+5) or using heavy-atom baselines shifts the computed
value upward toward the literature range. We therefore present 0.23-0.30 nm as an
instructional band, noting that the simplified geometry reliably recovers the correct
order of magnitude and the accepted diameter (~ 2.0 nm) and inter-pair rise (~ 0.34 nm
[20]).

The calculated hydrogen bond length connecting adenine to thymine (A-T) and
guanine to cytosine (G-C) was approximately 0.23 nm (or 232 pm), as shown in fig-
ure 9. This value was derived using trigonometric identities applied to a geometrically
constructed triangle based on atomic bond lengths and angles, and it aligns with
experimentally reported data — validating the method’s reliability. Additionally, the
vertical spacing between two consecutive base pairs, determined from the length of
the phosphate-oxygen bonds in the DNA backbone (each 162 pm), totals 324 pm
or 0.324 nm. This closely matches the widely accepted helical pitch of 0.34 nm,
reinforcing the accuracy of the method.

T A )

(¢ G

®

=

Figure 9: Average instructional H-bond distance annotated as 0.23 nm; caption cross-
references literature values (0.28-0.30 nm) as discussed in the highlighted note in the Discus-
sion.

These findings also highlight DNA’s dense structural packing: the minimal linear
distance between hydrogen bonds of neighboring base pairs reflects the compact
and stable nature of the double helix, which is essential for genetic information
storage. Moreover, the strong correlation between the calculated values — such as
hydrogen bond lengths, vertical stacking, and overall helix diameter — and established
experimental data supports the use of geometric reasoning to validate molecular
structures without instrumentation.

Beyond its value as an educational tool, this framework may also have diagnostic
applications. By analyzing subtle variations in bond lengths between healthy and
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diseased DNA - such as those found in cancer or inherited disorders — it may be
possible to identify molecular anomalies that serve as early indicators of disease. Such
nanoscale precision could open new pathways in biotechnology, nanomedicine, and
molecular diagnostics.

In conclusion, this method not only simplifies the modelling of DNA geometry for
K-12 education but also demonstrates the power of foundational mathematics in
exploring complex biological systems. By equipping students and educators with tools
to connect theory with biological reality, it fosters both scientific literacy and a deeper
appreciation for the structure of life at the molecular level.
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